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The following Is a general setup for a statisti
Inference problem: There Is an unknown parame
that we would like to estimate. \We get some data Fro
the population, and we estimate the desired paramet
In the previous study, we discussed unknow
parameter 0 Is assumed to be a fixed (non-rando
quantity that Is to be estimated by the observed d

Here, we would like to discuss a differ
framework for Inference, namely the Baye
approach.




In the Bayesian framework, we treat the ‘unkno
parameter, 0, as a random variable. More specifically,
assume that we have some Initial guess about th
distribution of 6 . This distribution is called the prio
distribution. After observing some data, we update the
distribution of 6 (based on the observed data). This step
IS usually done using Bayes' Rule. That is why thi
approach Is called the Bayesian approach. Here,
motivate the Bayesian approach, we will provide tw
examples of statistical problems that might be‘solv
using the Bayesian approach.




Example:

Suppose that you would like to estimate the portion
voters In your town that plan to vote for Party A In
upcoming election. To do so, you take a rand
sample of size n from the likely voters In the to
Since you have a limited amount of time an
resources, vyour sample iIs relatively smal
Specifically, suppose that n=20. After doing Yy
sampling, you find out that 6 people In your s
say they will vote for Party A.




Solution :

Let © be the true portion of voters In your town who plan
vote for Party A. You might want to estimate 0 as

~ 6 _
0= 50 =0.3

In fact, in absence of any other data, that seems to b
reasonable estimate. However, you might feel that n=20'1s t
small. Thus, your guess is that the error in your estimatio
might be too high. While thinking about this problem,
remember that the data from the previous election is avai
to you. You look at that data and find out that, in the
election, 40% of the people in your town voted for




\

How can you use this data to possibly improve your
estimate of 67 You might argue as follows:

Although the portion of votes for Party A chang
from one election to another, the change iIs not usual
very drastic. Therefore, given that In the previo
election 40% of the voters voted for Party A, yo
might want to model the portion of votes for Party Ain
the next election as a random variable 6 with
probability density function, f(0), that 1S m
concentrated around 6=0.4.



\

For example, you might want to choose the densi
such that

E£[0]=0.4

Such a distribution shows your prior belief abo
In the absence of any additional data. That
before taking your random sample of size n=2
this 1s your guess about the distribution of
Therefore, you Initially have the prior distri
f(0).
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Then you collect some data, shown by D." Mor
specifically, here your data i1s a random sample of si
n=20 voters, 6 of whom are voting for Party A. As
will discuss In more detail, you can then proceed
find an updated distribution for 6 , called the poster
distribution. using Bayes' rule:
P(D[0)1(0)

P(D)
We can now use the posterior density, f(0|D), to f
draw inferences about 0 .

f(6[D)=



Bayesian Statistical Inference

The goal Is to draw Inferences about an unkno
variable X by observing a related random variable
The unknown variable is modeled as a random vari
X, with prior distribution

f(x),If X Is continuous, P(x), If X Is discrete.

After observing the value of the random variable Y,
find the posterior distribution of X.




This 1s the conditional PDF (or PMF) of X given Y=
f(xly) or P(xly).

The posterior distribution is usually found using Ba
formula. Using the posterior distribution, we can t
find point or iInterval estimates of X. The abo
equation, as we have seen before, Is just one way
writing Bayes' rule. If either X or Y are continuo
random variables, we can replace the correspo
PMF with PDF in the above formula.



Prior and Posterior

Let X be the random variable whose value we try
estimate. Let Y be the observed random variable: T
IS, we have observed Y=y, and we would like to esti
X. Assuming both X and Y are discrete, we can write

P(X=x|Y=y) = P(}IE(ZY}E’:Y};)ZY)

_ P(Y=y|X=x)P(X= X)
P(Y=y)

Using our notation for PMF and conditional P




the above equation can be rewritten as

P P
P(Xly) = (YI‘J}%) x)
For example, If X Is a continuous random variable,
Y Is discrete we can write
_ Py[fx)
f = .
() = =53

To find the denominator (P(y) or f(y)), we often
law of total probability:.




Example :
Let X~ Uniform(0,1).

Suppose that we know Y|X= x~ Geometric(x).
Find the posterior density of X given Y=2, f(x|2).
Solution: Using Bayes' rule we have

f(2) = “ 3y

We know Y|X= x~ Geometric(x), so




Therefore, P(2|x) = x(1—x).
To find Py(2), we can use the law of total probab
Py(2) = J_., PCIf(x)dx

_ 1 1
= fo x(1—x)-1dX =z

Therefore, we obtain

_ x(1-x)1
f(x2) = =

6
= 6x(1—x), for 0 <x <1.




The main problem of Bayesian estimation s t
of combining prior feelings about a param
with direct sample evidence, and this
accomplished by determining  ¢(0]x),

conditional density of © given X = X. In contr
to the prior distribution of ©, this condition
distribution (which also reflects the direct sal
evidence) Is called the posterior distribution
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In general, If h(0) Is the value of the pri
distribution of © at 6 and we want to combine t
Information that 1t conveys with direct sa
evidence about ©, for Instance

The value of a statistic

W =u (X1,X2, .. .,Xn), we determine the posteri
distribution  of © by means of the formula

o(0lw) =1 (8,w) g(w)



¢(6[w) = h(0) - £ (w]0) g(w)

Here f (w|0) Is the value of the sampling distributio
W given O =0atw, f (0,w) Is the value of the
distribution of © and W at 6 and w, and g(w) Is the v
of the marginal distribution of W at w. Note that
preceding formula for ¢(6|w) Is, In fact, an extension
Bayes’ theorem to the continuous case. Hence, the
“Bayeslian estimation.”
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Once the posterior distribution of a parameter ha
been obtained, It can be used to make estimates.

Example: If X1,X2, ..., Xn IS a random sam
from exponential distribution  with

f (X,0) = % exp (- %) and the prior distribution
© Is a uniform distribution with the pdf %, th

find the posterior distribution of © given X
And find Bayes estimator for 8 also.



For © = 6 we have
f(xj0) = 275, 0<x < oo
h(0) = 5 0>0
Then the joint pdf of X1,X2, ..., Xnand 6
f (6, x) = [1;=1[f (x|6)] .h(6)

f(0,%) = [T, 2.2
f(0,%) = ()" L5

1
0



_ co 1 _Z_ 1

gx) =), e_ne 0 EdH
_XX

:f() gn+1 . € 0 d@

In

| by Gamma function]

Nk
Then posterior distribution of &
2 Xj
_1(0, X) _ 9n+1e -8

9 xi)



The above distribution is inverted gamma distributi
And the Bayes estimator for 6

(nx)™ y R e

E(O|X) = f . . e” 0 do

| 9n+1

_ (D" o 1 T
= Jo ome © do




_ )" |n-1
E(6|X) _ |_TL (nf)n—l
nx

(n—-1)

IS a value of an estimator of 6 that minimize the Bayes ri
when the loss function is quadratic.

Question: If X1,X2, ..., Xn Is a random sample from pol
distribution with unknown parameter A, the prior distributio
Its parameter Is a gamma distribution with parameter o
find the posterior distribution and Bayes estimator for
Solution: E(Ax) =22 (try to solve)

(a+nx)




Question: If X Is a binomial random variable and the pr
distribution of © Is a beta distribution with the param
o and B, then the posterior distribution of © given X
a beta distribution with the parameters x+oa and n—x+

Solution:
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